We investigate a dynamical magnetoelectric effect due to a magnetic resonance in helical spin structures through the coupling between magnetization and electric polarization via a spin current mechanism. We show that the magnon has both the dynamical magnetic moment ∆M ω and the electric moment ∆P ω (⊥ ∆M ω ), i.e., a dynamical toroidal moment, under external magnetic fields, and thus it is named the toroidalmagnon. The toroidalmagnon exists in most conical spin structures owing to the generality of the spin current mechanism. In the absorption of electromagnetic waves, the toroidalmagnon excitation process generally induces a nonreciprocal directional dichroism as a consequence of an interference of the magnetic and electric responses.
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Electromagnons are magnons that accompany an electric dipole moment. Electromagnon excitations are thus electro-active, i.e., they are induced by the electric component of light, and therefore are classified as dynamical magnetoelectric phenomena. 
3, 11, 12
Electro-active magnetic resonance (MR) processes can be understood by spin-dependent electric polarizations P({S i }). 13, 14 Through the coupling between the electric component of light E ω and P({S i }), a spin structure is modulated by E ω . When such modulation induces a single-magnon excitation in an ordered magnet, the excitation is called the electromagnon. Thus far, the electromagnons induced through the spin current, 2, 15, 16 exchange striction, 5, 17, 18 and metal ligand hybridization mechanisms 19 have been proposed. Although most of these mechanisms have restrictions with respect to lattice symmetry, the spin current mechanism can generally induce electric polarization in cycloidal spin configurations, 20, 21 irrespective of local lattice symmetries. 22 Let us consider a helical magnet with a cycloidal spin configuration h ⊥ q 0 , where q 0 is the propagation vector of the magnetic structure and h = S i × S j gives the helicity vector. Here, S i and S j are spins on adjacent sites along the q 0 direction. The spin current mechanism induces the electric polarization P ∼ (h × q 0 ). In ref. 2 , it is discussed that the uniform rotation of the helicity vector around the q 0 direction accompanies the dynamical fluctuation of the electric polarization; thus, such magnon excitation is electro-active. Since such magnetic excitation is the Nambu-Goldstone mode, the electromagnon should ubiquitously be identified in cycloidal spin systems.
Another novel feature in the presence of dynamical magnetoelectric effects is the nonreciprocal directional dichroism (NDD) where absorption intensity depends on the direction of an electromagnetic wave propagation vector. 23, 24 Recently, NDD in MR has been observed in Ba 2 CoGe 2 O 7 9 owing to the electro-active magnetic excitation process via the metal ligand hybridization mechanisms. 19, 25 Since the observation of NDD at a magnon resonance is a direct evidence of the presence of dynamical magnetoelectric effects including an electromagnon process, the investigation of NDD is important for understanding the magnetoelectric properties of the system. The metal ligand hybridization mechanism, however, depends on the local lattice structure; thus, NDD due to such a mechanism should be observed in a limited class of materials. On the other hand, in the generic electromagnons induced through the spin current mechanism in cycloidal spin structures, NDD is not observed with symmetrical restriction, despite the fact that dynamical magnetoelectric couplings exist.
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In this Letter, we discuss that NDD should ubiquitously be observed if one applies a static magnetic field to helical magnets with spin current couplings. We clarify the existence of magnetic excitations that accompany both magnetic and electric moments, which contribute to dynamical magnetoelectric effects at their resonances. We discuss the existence of the dynamical toroidal moment in magnon excitation as the origin of NDD.
Let us first review NDD briefly. 9, 19 In the presence of dynamical magneto-electric effects, we have 
as a function of the direction of the propagation vector
The absorption coefficient is proportional to ImN (s k ). Therefore, the absorption intensity depends on the light propagation direction s k and their difference is proportional to ImN (+)
In general, when we have off-diagonal magnetoelectric susceptibilities,
the system exhibits NDD for an incident light with E 
Here, |0 is a ground state with the eigenenergy E 0 , |n is an n-th magnetic excitation state with E n , and ω n0 = E n − E 0 . V is the unit volume per spin and N is the number of spins. Magnetization is defined by
and ∆M γ is the γ-component of the magnetization fluctuations from the ground state. We only consider the contributions to the electric polarization induced by the spin current mechanism,
which exists in generic systems in the presence of spinorbit couplings. Here, e ij y is the unit vector connecting the nearest-neighbor (n.n.) spins S i and S j , and λ is a coupling constant that is proportional to spin-orbit couplings. ∆P γ in eqs. (6)- (8) is the fluctuation of P. From eqs. (5) and (6), we see that electromagnon excitation exists if n|∆P γ |0 = 0 for a one-magnon excitation state |n , while a conventional MR occurs for n|∆M γ |0 = 0. Furthermore, from eqs. (4), (7), and (8), we have NDD at an electromagnon resonance if Re 0|∆M τ |n n|∆P γ |0 = 0 with τ ⊥ γ being satisfied for an excited state |n . We consider a yz-cycloidal screw magnet, i.e., q 0 y and h x, at B ex = 0, as an example. This structure accompanies the electric polarization P z. Through the Nambu-Goldstone mode, which modulates the spin structure in such a way that the cycloidal plane rotates along the y-axis, the modulation of the spontaneous electric polarization ∆P ω x occurs, as shown in Fig. 1(a) . Then, such a mode is activated by E ω x. 2 Since the modulation of the spin structure does not induce a uniform magnetization, such an electromagnon mode should not be magneto-active, i.e., ∆M = 0. Thus, the electromagnon resonance should not accompany NDD.
On the other hand, under the external magnetic field B ex x, spins give a conical structure, as depicted in Fig. 1(b) . Here, we have both the electric polarization P z and the magnetization M x in the ground state, and thus have a static toroidal moment defined by T = P × M. 26 If we consider an excited state |n where the conical structure is dynamically tilted along the y-axis, 15 both ∆P ω x and ∆M ω z exist coherently. When the system is excited by an incident light with E ω x and H ω z, the tilting motion of the conical structure of the spins around the y-axis exhibits Re 0|∆M z |n n|∆P x |0 = 0 and thus NDD. In a semiclassical picture, NDD is observed at a resonance owing to a magnon with the dynamical toroidal moment
.e., a toroidalmagnon, irrespective of lattice dimensions or symmetries. Note that the NDD effect is linearly proportional to ∆P . Thus, in the weak coupling region, it may be detected more easily than the electromagnon absorption itself, which is proportional to (∆P ) 2 . To obtain microscopic details, we investigate a frustrated (quasi-)one-dimensional Heisenberg model,
as a canonical spin model for helimagnets. Here, S i is a spin operator on the i-th site. We assume the ferromagnetic n.n. spin exchange interaction J 1 and antiferromagnetic next-nearest-neighbor (n.n.n.) interaction J 2 , i.e., J 1 < 0 and J 2 > 0. In the absence of the external magnetic field B ex , the helical spin state is the ground state in the parameter range J 2 /|J 1 | > 0.25 for classical spins owing to the frustration. Hereafter, we consider q 0 y as the propagation vector, i.e., the helical spin structure along the y-direction has a 2π/q 0 period, where cos q 0 = −J 1 /4J 2 . When B ex is applied, a conical spin state emerges. The periodicity of the helical structure does not depend on B ex . 27 We apply the lowest order spinwave expansion from the ground state.
First, we consider a helical magnet with B ex ⊥ q 0 . For B ex x, we have yz-cycloidal and conical spin structures with the helicity vector h = S i × S i+1 x. The ground state spin structure is described as S i = (S cos θ, S sin θ sin(q 0 r i ), S sin θ cos(q 0 r i )), (12) where the cone angle θ is defined as
Note that θ → π/2 for B ex
x → 0 such that we recover a pure helical structure. We have P z and M x in the ground state.
Following the procedure indicated in ref. 27 , we use the linear spin wave theory in eq. (11) . We define the local coordinates where the ξ-direction is aligned to the equilibrium spin directions: 
By the Fourier transformations of a i and a † i , the linear spinwave Hamiltonian in the q space is written as Table I . Non-zero coefficients f α τ (q) for τ = x, y, z and α = m,e in a yz-cycloidal conical spin structure with q 0 y and B ex h x.
Here, the magnon wave vector q is defined in an extended Brillouin zone to clarify distinctions for the magnon modes. The Hamiltonian (18) can be diagonalized by the standard Bogoliubov transformation,
where the coefficients c q (c q = c −q ) and s q (s q = s −q ) are given by
for
. We obtain
where the spin wave frequencies are
For the helical spin state, i.e., B ex = 0, A q = A −q so that the magnons at q and −q are degenerate. On the other hand, the external magnetic field lifts the degeneracy owing to A q = A −q , i.e., ω q = ω −q for B ex = 0. When the spinwave expansion of P contains linear terms of magnon creation and annihilation operators α † q and α q , the electric component of light creates a oneelectromagnon excited state, through the perturbation term H ′ = −E ω ∆P . In the present model, we apply eqs. (17) and (20) to P and M. Both the magnetization (9) and the electric polarization (10) can be described as
Non-zero coefficients for the the lowest order spinwave expansion f α τ (q) for α = e, m and τ = x, y, z are summarized in Table I . We only have non-zero contributions from q = ±q 0 magnons, which correspond to the electromagnons discussed in ref. 2 . Note that, within the magnetic Brillouin zone, q = ±q 0 locates at the Γ point. At B ex = 0, these q = ±q 0 Nambu-Goldstone modes are gapless and thus do not show resonance in reality. However, under B ex = 0, the q = ±q 0 magnon excitation has the gap ω ±q0 due to Zeeman energy. Thus, the magnetoelectric resonance of the magnon can be observed in a finite frequency range where a conventional MR is observed.
Within a linear spinwave treatment, the susceptibili-Letter
In this manner, the electromagnon at q = ±q 0 has a dynamical toroidal moment T d = 0 and thus is identified as a toroidalmagnon. At B ex = 0, however, the ±q 0 magnons become degenerate; thus, the cross-correlated effects at the ω = ω q0 and ω −q0 peaks merge to cancel themselves:
Other components of susceptibilities are also obtained from Table I . Magnons at q = ±q 0 contribute to the offdiagonal magnetic susceptibility χ By reversing the direction of the external magnetic fields
) is obtained owing to θ → π − θ and ω ±q0 → ω ∓q0 . Thus, reversing the light propagation direction is equivalent to reversing the external magnetic field direction for the absorption process.
Next, we investigate the case B ex q 0 y, where a proper conical spin state is stabilized, as shown in Fig. 2 . Note that the ground state does not have a spontaneous electric polarization owing to e ij h y such that T = P × M = 0 statically. If we consider an excitation state where helical structures are uniformly tilted along the z-axis, i.e., h is rotated around the z-axis to create ∆h x, the electric polarization ∆P ω ∼ (e ij ×∆h) z is induced, which couples to the external electric field E ω z. Furthermore, in the case of B ex = 0, ∆M ω x is also seen in this excited state. Thus, the mode is accompanied by the dynamical toroidal moment T d = 0 even in the absence of the static T, such that NDD for an incident light with E ω z and H ω x is expected. The tilting of the conical structure along the x-axis is symmetry-wise equivalent. This excitation state will induce ∆P ω x and ∆M ω z, and NDD for an incident light with E ω x and H ω z is similarly expected. For details, we perform a similar calculation for the Table II . Non-zero coefficients f α τ (q) for τ = x, y, z and α = m,e in an xz-proper conical spin structure with q 0 B ex h y.
spinwave expansions in a proper conical spin state with q 0 B ex h y. We obtain ∆P and ∆M within the linear combinations of spinwave operators, as listed in Table  II . We see that magnons with q = ±q 0 are electro-active, owing to |f Microscopically, NDD arises owing to the off-diagonal matrix elements of both the magnetic and electric dipole operators Re 0|∆M γ |n n|∆P τ |0 (γ = τ ) [see eqs. (4), (7), and (8)]. In general, the magnetic dipole operator is even (odd) under space-inversion I (time-reversal R) symmetry operation, whereas the electric dipole operator is odd (even) under I (R). Thus, in magnetic structures with I and R symmetry invariances, the real parts of the off-diagonal matrix elements are zero, i.e, NDD does not arise. In fact, the matrix elements in pure helical structures vanish owing to the R symmetry invariance, and NDD is induced only in conical structures where I and R symmetries are broken.
To summarize, we investigated NDD that arises in conical spin structures via the spin-current mecha-nism. NDD is generally induced by the excitation of a magnon accompanied by a dynamical toroidal moment, i.e, toroidalmagnon. In a conical structure, the fluctuation of the dynamical toroidal moment is observed with cone oscillations, as shown in Figs. 1 and 2 . Such modes are adiabatically connected to the q = ±q 0 NambuGoldstone modes, and thus we conclude that a toroidalmagnon should ubiquitously exist in conical spin structures. Let us finally note that the observation of NDD via the magnon excitation in a perovskite helimagnet has been reported in ref. 29 quite recently, which is qualitatively explained by our theory.
